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Xac sua

Théng ké

Hinh o.1: Xac suat va thong ké.

Xac suét théng ké la nén tang giap ich cho viéc phan tich dii liéu, td chiic thuc hanh thi nghiém, chay
cac mo hinh gia lap, giai cac bai toan tim nghiém t6i uu, nghién ciu va ting dung hoc may.

Mobn xac suit nghién ctu cach suy ludn ra cac dac tinh cua tap dii liéu sé dudc tao ra tii mot nguyén
ly, quy trinh san sinh dii liéu. Ngudc lai, mén thong ké nghién ctu cach du doan dac tinh ctia mot
quy trinh san sinh dii liéu tu tap dii liéu vé hién tudng da phat sinh va dudc quan sat. H o.1 minh hoa

A

quan hé gitia “xac suat” va “thong ké”.

Phan tich, khai thac dii liéu, hoc may va khoa hoc dii liéu 1a nhiing tén goi khac cua thong ké, tuy
theo boi canh va trao luu. Mot s6 Ging dung cu thé ctia théng ké 1a tinh toan hoéi quy, mat do, phan
loai va gia lap.

Dodng co

Mon “xac sudt” toi da hoc nhiing kién thiic ¢ ban vai lan, tinh ra la 6 cép 3, trong dai hoc, va gan
day la hoc truc tuyén. Mén “théng ké” t6i chua hoc dudc cho ra bai ban lan nao, may thang dau nam
2022 ¢6 thii stic hoc truc tuyén nhung diu tu thoi gian khong du nén thi rét tham hai.

Lan nay nhat quyét hoc lai mén thong ké mot cach nghiém tic hon, toi tom tat lai kién thic xac suat
thong ké bang tiéng Viét, mic du tai liéu hoc hau hét la tiéng Anh, tiéng Nhat. Hy vong tiéng me dé
sé gitap toi hi€u rd hon cac van dé, va trau doi von ti ving dé chia sé kién thiic véi cac dong nghiép
va ban bé ngudi Viét.

Dong cd cua viéc hoc xac suit thdng ké ctia toi la dé hiéu rd hon cac ly thuyét can ban trong nganh
hoc may va tri tué nhan tao va 4p dung vao thuc tién mot cach dung dén, an toan va céng bing
hon.



Muc tiéu cu thé trudc mat toi diat ra la hoc hiéu va 14y dudc chiing chi hoan thanh khoa hoc
Fundamentals of Statistics ctia Philippe Rigollet (2022), giao su dai hoc MIT day trén nén tang truc
tuyén edX. Tai liéu tham khao la quyén “All of Statistics” cia Wasserman (2004), ciing chinh la tai
liéu tham khao ctia khoa hoc néu trén.

Chay

Tai liéu nay khong di sdu vao cac chiing minh chi tiét, nhung sé c6 gang ghi rd cac cong thiic va dinh
nghia. Thuat ngii chuyén mén trong tai liéu nay chic chén cé6 nhiéu chd khong chuin chinh do vén
tiéng Viét va kién thiic han ché cua tac gia. Xin vui long gop y tai GitHub issues.

Tai liéu nay dudc viét bang cac cong cu la Quarto va VSCode. Truy cép truc tuyén tai xstk .


https://github.com/vochicong/xstk/issues
https://quarto.org/docs/books
https://code.visualstudio.com
https://vochicong.github.io/xstk/

Ky hiéu Y nghia

R Tap hdp s6 thuc
R, Téap hdp s6 thuc duong
f(a) < g(a) f/gkhong phu thudc o
M® ma trdn M chuyén vi, M? i=M;;
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1 Xac suat

1.1 Su kién

Khong gian Q la tip hdp chiia tit ca nhiing hién tugng o c6 thé xay ra ti mét thi nghiém. Cac
tap con ctua Q la cac su kién.

Vi du xem xét thi nghiém tung moét dong xu ding hai lan, quan sat déng xu rét xuéng nam ngta (H)
hay sap (T), ta c6 Q = {HH,HT,TH,TT} bao gom 4 két qua c6 thé xay ra. Su kién lan tung dau tién
ra mit ngtia ctia dong xu la tap hop {HH, HT}.

Cho mot su kién A C Q, ta néi A xay ra, hodc A la ding, néu c6 mot hién tudng w € A xay ra. Su
kién ngugc lai v6i Ala A°:= Q- A :={w € Q : w ¢ A}, tiic la “khong xay ra A”. Theo dinh nghia,
1o rang Q ludn ludn ding, con su kién rong @ = QF ludn ludn sai. Cho thém su kién B, ta c6 Au Bla
su kién “A hodc B it nhiat mot viéc xay ra”, con AB := A n Bla su kién “A va B dong thdi xay ra”.

Chuoi su kién Aj, A,, ... dudc goi la phan ly néu A;A; = @ véimoii # j. Khi do néu AjuAyu--=C
thi ta néi A;, A,, ... 1a mot cach phan hoach su kién C.

1.2 Xac suat

Néu mot xa anh P tii khdng gian cac su kién A C Q lén tip hdp so6 thuc R thoa man cac diéu kién:

1. P(A)>0 VA
2. P(Q) =1
3. Néu chudi Ay, A,, ... phan hoach C thi P(A;) + P(A,) + -+ = P(C)

thi ta goi P la mot phan phoi xac suat hodac do do xac suat.

C6 hai cach cat nghia khai niém xac suat 1a tin suit va niém tin. Theo cach hiéu tin suat thi P(A)
chinh 14 ty 1é s6 14n su kién A x4y ra néu ta thuc hién thi nghiém v6 s6 lan. Con theo cach hiéu niém
tin thi P(A) la thudc do miic 36 ma mot quan sat vién tin tudng rang hién tugng A sé xay ra.



1.3 Tham so

Pinh nghia 1.1 (Bién ngau nhién, random variable). 1a mo6t quy téc 4anh xa X : Q — R gan cho mdi
hién tudng w trong khong gian Q mot s6 thuc X(w).

Remark. Bién X khong ngau nhién thi dudc goi 1a hing s6 deterministic/constant.

Dinh nghia 1.2 (Ham phéan phdi tich lity, cumulative distribution function). 1a ham ting don diéu
va lién tuc bén phai F : R — [0,1], F(x) := P(X < x) v6ibién X : Q - R.

Dinh nghia 1.3 (Ham khoi xac suat, probability mass function). Véi bién réi rac X : Q — D,
D = {xy, X3, ...} dém dudc, thi ta c6 thé gan xac sudt P(x;) = p; > 0,Vi = 1,2, ... sao cho ), p; = 1.

Dinh nghia 1.4 (Ham mat d6 xac sudt, probability density function). la f(x) = F’(x) véi F(x) =
P(X < x) la phan phéi tich lay ctia bién X : Q — R. Mat do6 xac suat la khong 4m va c6 tich phan
toan phéan bang 1.

Pinh nghia 1.5 (PDF of bivariate distributions). Véi hai bién lién tuc (X,Y) € R? ta goi ham khong
am f(x,y) la mat do xac suat dong thoi néu:

J J f(x, y)dxdy = P((X,Y) € A), VACR2
A

Mat do xac suat bién va mat do xac suat c6 diéu kién tuong ling la:

£x) = j ey,

flx,y)

fOh) = =3

10



Dinh ly 1.1 (Chuin héa mat d6 xac suit). Néu cé do do g(x) > 0, x € R kha tich toan phan thi c6 mat
do xac suat

Dinh ly 1.2 (Bién d6i tham s8). Gid st X la tham so ¢6 mat do xac sudt fx, ham g : R — R cé vi phan
> 0. Khi do tham s6Y = g(X) c¢6 mat do xac suat la

fx(g~ ')
= R).
() (1) vy € g(R)

Chiing minh. Xem “4.1.3 Functions of Continuous Random Variables”, Pishro-Nik (2014).

1.4 Xac suat dong thoi

Dinh nghia 1.6 (Xac suat hgp). Ky hiéu P(A, B) hodc P(A n B) chi xac suit su kién A va su kién B
dong thai xay ra.

Dinh nghia 1.7 (Ddc lap). Hai su kién A va B la doc lap néu P(A, B) = P(A)P(B).

Hai bién X va Y la doc 1ap néu hai su kién X < x vaY < y la doc lap déi véi moi x, y.

Pinh nghia 1.8 (IID). Cac bién ngau nhién Xi, X;, . dudc goi 1a iid (“independent and identically
distributed”, “doc 14p va phéan phéi giéng nhau”) néu ching cing tuan theo duy nhét (identical) mot
phén phoi xac suat, va tling cdp bién 1a doc lap (independent) v4i nhau. Dung bién X dé thé hién
phan phoi xac suat chung do, ta viét

iid

X, X, % X.

11



Dinh nghia 1.9 (Xac suit c6 diéu kién). Ky hiéu P(A|B) hodc Pg(A) chi xac suat cua su kién A, khi
biét su kién B da xay ra,

P(A|B) = Pg(‘]’gf).
Dinh ly 1.3 (Dinh ly Bayes).
_ P(BlA)P(A) P(B|A)P(A)
P(AIB) = P(B)  P(B|A)P(A) + P(B|AS)P(A®)

1.5 Dac trung

1.5.1 Phan vi

Dinh nghia 1.10 (Quantile). Bién X tuan theo phan phoi tich lity F ¢6 phan vi miic 1 — « la g, =
F11-a).

Dinh nghia 1.11 (Quartile, median, mode). Ta goi g3 /4, 41 /2, 41 /4 1a td phén vi dau tién (first quartile),
trung vi (median), va t phan vi thi ba. Goi mode la gia tri bién s6 c¢6 xac suit cao nhat.

Remark. Néu X lién tuc thi median cuc tiéum — E[|X —m|].

12



1.5.2 Trung binh

Dinh nghia 1.12 (Mean, expected value). Trung binh, hay gia tri ky vong cua bién X la
Z xp(x) néu X rdi rac

E [X] =4 X
J xf(x)dx néu X lién tuc.

Néu E [| X|] < oo tanéila E [X] “ton tai” (well-defined).

Remark. E[X +Y] =E[X] + E[Y].

Remark. Néu X lién tuc thi E [X] cuc tifum — E [(X — m)z] :

Dinh ly 1.4 (Iterated Expectations). Vdi cac bién X,Y, gia su cac gia tri ky vong ton tai, ta cé

E[E[Y|X]] = E[Y].

1.5.3 Phuong sai

Dinh nghia 1.13 (Hiép phudng sai).

V(X,Y)=E[(X-E[XDY -E[Y])]
= E[XY] - E[X]E[Y]

Néu X va Y doc lap thi V(X,Y) = o.

Dinh nghia 1.14 (Phuodng sai). Phudng sai, hay phan tan (variance) la

V(X):=V(X,X)=E[X?] - (E[X])%

Remark. Néu m 1a hang s6 thi V(X —m) = V(X).

13



Remark. V(X +Y)=V(X)+ V() +2V(X,Y).

Pinh nghia 1.15 (Covariance matrix). Cho n bién ngau nhién Xj, ..., X,, € R, dit X := (X, ... ,Xn)Ix €
R", ma tran hiép phuong sai la

Sx = E[(X - E[XDX - E[X])"]

V(X)) V(X,Xp) - VX, X))
_ V(Xg,xl) V(Xz) V(X?,Xn) _

V(X)) V() ~ V(%)

Remark. NéuY = MX thi Sy = MEyx M,

1.5.4 Tich suat

Dinh nghia 1.16 (Tich suit). Tich suit (moment) thé hién trong tim, d6 phan tan, hay d6 léch cua
phan phoi. Tich suat bac n ctia bién X véi mat do f(x) la:

E[X"]:= J x" f(x)dx

Dinh nghia 1.17 (Ham tao tich suat). “Moment generation function (MGF)” ctia bién X la
Yx() = E[eX],t e R
Néu MGF “ton tai” lan cin 0 thi dao ham cap k cta ¢ tai 0 chinh la:

Vo) = E[x*].

14



1.5.5 Dic trung mau

Dinh nghia 1.18 (Sample moment). Quan sat Xi,... X, id X. Dé udc lugng E [Xk] ta co tich suat

mau:

DPinh nghia 1.21 (Sample variance). Phuong sai mau la:

n
1 _ —
Ste== ) (- K= XX
i=1

Pinh nghia 1.22 (Unbiased sample variance). Phuong sai mau khong léch (DN 4.5) 1a

~ n
S2 =

S, .
n—1"

Taco E[S] = V(X).

Chiing minh. Chudng 1.3 - Unbiased Estimation, “STAT 415 Introduction to Mathematical Statistics”
(2022).

[]

Remark. Dinh ly Cochoran DL 6.1.
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2 Phan phoi

2.1 Phan phoi Bernoulli

Dinh nghia 2.1 (Bernoulli distribution). X ~ Ber(p) c6
P(X=1)=p=1-P(X=0)

vaE[X] = p,V(X) = p(1 - p).

2.2 Phan phdi nhi thiic

Dinh nghia 2.2 (Binomial distribution). K ~ Binom(n, p) v8in € Z,, p € (0,1) md ta tdong s6 lan

thanh céng cua n thi nghiém doc lap Kj, ..., K, i Ber(p). Ta c6

n

]P(K:k):(k

)pk(l -pr*

vaE[K] =np,V(K) =np(1— p).

2.3 Phan phai Poisson

16



Dinh nghia 2.3 (Phan phdi Poisson). K ~ Poiss(4), A > 0 ¢6 dinh, c6

ik

P(K=k)=e 0

k =0,1,2,...1a s0 lan phéat sinh su kién trong moét gidi han c6 dinh, cac su kién phat sinh doc lap.

E[K] =V (K) = A.

Khi n dt 16n va p dt nho thi Poiss(np) gan véi Binom(n, p).

2.4 Phan phoi hinh hoc

Dinh nghia 2.4 (Geometric distribution). K ~ Geom(p), p € (0,1) c6
P(K =k)=p(1—-p)- L k=1,2,..

la xac suat thanh céng dau tién xay ra sau dang k lan thuc nghiém Ber(k).

E[K]=1/p,V(K)=(1-p)/p*

2.5 Phan phoi déu

Dinh nghia 2.5 (Uniform distribution). X ~ Unif|a, b] c6 mat do

X—da

f(x):= = for x € [a,b].
Remark. o )2
a+b —a

Remark. Néu bién X c¢6 cdf F (DN 1.2) kha nghich thi F(X) ~ Unif]o0, 1].

17



2.6 Phan phoi ma

Dinh nghia 2.6 (Exponential distribution). X ~ Exp(1) ¢
flx) = le ™ x e R,
x udc lugng khoang cach giiia hai l4n phat sinh su kién trong quéa trinh Poiss(A).

E[X]=1/AV(X)=1/A2

2.7 Phéan phoi chuan

Dinh nghia 2.7 (Normal/Gaussian Distribution). Phan phdi chuin X ~ (,u, 0'2) c6 mat do

N2
f(x) = ! exp(—(x 5)),x€lR.

77:20-2 20

Remark. E[X] = 11, V(X) = o2.
Dinh nghia 2.8 (Standard Normal Distribution). .#/(0, 1) 1a phan phéi chuan tac.
Dinh ly 2.1 (Cong phan phéi chuén). Néu X; ~ /V(,ul-, crl-z) ,i=1,...,n doc lap thi

i=1 =1

n n n
Sx-a(Sm3et)
i=1 1

Dinh nghia 2.9 (Vector phan phéi chuan). Néu moi t6 hdp tuyén tinh céc yéu t6 ctia vector v déu
thudc phan phoi chuin 1 bién thi v dudc goi la mét vector phan phoi chuén.

18



2.8 Phan phéi y*

Pinh nghia 2.10 (Phan phdi y?). X ~ )(,f la tdng binh phuodng cua X, ..., X a (0,1)

vacOE[X] =k, V(X) = 2k.

2.9 Phan phéi Student

Dinh nghia 2.11 (Student’s T distribution). Néu c6 Z ~ #(0,1),V ~ )(,? doc lap véi nhau thi

X i= ——
V/k

tudn theo phan phoi Student’s ..

2.10 Phan phoi Beta

Dinh nghia 2.12 (Beta distribution). X ~ Beta (e, ), tham s6 a > 0, f# > 0 c6 mat do trén x € [0, 1]
la
xa—l(l _ x)ﬁ—l

Bla,p)

flx) =

B(a, p) 1a hang s6 chuin hoa.

19



Remark.

E[X]= S5
_ ap
Vo= @+ pa+p+1)
argmax f = #;1_2 for o, f > 1.

Remark. Phan phoi Beta c6 do6 thi rat linh hoat trén khoang [0, 1], phu hdgp lam xac suét tién nghiém
(DN 7.1).

Vi du 2.1. Unif[0, 1] = Beta(1,1).

2.11 Phan phoi Gamma

Dinh nghia 2.13 (Gamma distribution). v6i tham s6 g > 0,1 > 0, c6 mat do la

9591 e—/lx

A
6= T'(q)

vx € (0,0),

I' la ham Euler Gamma.

20



3 HOI tu

[ J
C6 mot s6 kiéu hoi tu ctia bién ngau nhién.

3.1 HOi tu xac suat

Cho mot chuoi bién ngau nhién X, X, . va mot bién ngau nhién X.

Dinh nghia 3.1 (Hoi tu gin tuyét doi).

X, —;S: X = PoeQ: X,(0) > X)) = 1.

Dinh nghia 3.2 (Hoi tu theo xac suat).

P
X, — X < P(X,—X|>¢) —— 0, Ve>0.

n—o0 n—oo

Dinh nghia 3.3 (Hoi tu theo phan phdi).

d
X, 2, X s P[X,(x) < x] — P[X < x]

tai moi diém x ma cdf ctia X lién tuc.

Pinh nghia 3.4 (Hbi tu vé chuin). (asymptotically normal) v6i phudng sai ¢

d
S SCITY

o]

21



3.2 D0 manh

Dinh 1y 3.1. Xép theo thii tu tii manh dén yéu:

a.s. P d)
Xp—X = X, — X = X, — X.
n—oo n—oo n—oo

4 1 7 A A Ve A ) ]P
Néu X, — X, va X c6 mat do xac suat, thi X, — X.

n—oo n—oo
y x P
Néu chuoi X;, c0E[X,] > pvaV(X,)— 0 thi X, — L.

P
Néu X, —— X thiP(a < X, < b) —— P(a < X < b) vdi moi khoang [a,b].

n—0o0 n—o00

3.3 Tong va tich

Dinh ly 3.2. Néu c6 hai chuoi bién ngau nhién X,,,Y, hoi tu gan tuyét doi hodc hoi tu theo xac sudt vé
X, Y, thitong X, +Y,, va tich X,,Y,, ciing hoi tu tuong tu (gan tuyét doi, hodc theo xac sudt) vé tong X +Y
va tich XY.

3.4 Slutsky

V' IP 1 A A~ A . \ z ~? Zy o 2 N .« A A
Dinh ly 3.3. Hon niia, 6§ DL 3.2 néuY,, — y, y la mot so thuc cé dinh thi co theé ndi long diéu kién doi
vdi X, thanh hgi tu theo phan phai.

22



3.5 Anh xa lién tuc

d
Dinh ly 3.4 (Continuous mapping). Néu X, M X thi doi véi moi ham f lién tuc:
n—>oo
a.s./P/(d)
o f(Xp) = F(X).

B[] ,H—oo’ E[£(X)] néu f con bi chan.

3.6 Dai da so

Dinh ly 3.5 (Law of Large Numbers, LLN). Cho n bién iid X, X, ., X, 4 X 6 E [X] < oo. Khi do

trung binh mau (PN 1.19) hoi tu:

3.7 HOi tu trung tam

Pinh 1y 3.6 (Central Limit Theorem, CLT). Gid sii thém la V (X;) = 02 < co. Khi d6
X, — d
\/ﬁ( z “) @ N(0,1).
n

o] —00

3.8 Bat dang thiac Hoefding

Dinh ly 3.7. Néu c6 mot khoang co dinh [a,b] gan nhu tuyét doi (almost surely) chita cac bién X;(i =
2,...,n) thi

2n62

P[|X, — | > €] < 2e @, ve > 0.
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3.9 Phudng phap Delta

Pinh 1y 3.8 (Phuong phép Delta). Gid sii chudi (6,),>1 chudn tién (PN 3.4) vdi phiiong sai c* vé mot
diem0 € R. Giadstt g : R — R ¢6 vi phan g’ lién tuc, # 0 tai 0. Khi do,

Jn (g(Hn) - g(9)> (@)
g (©) n

H(0,1)

—>00

o]

Dinh ly 3.9 (Phudng phép Delta nhiéu bién). Gid stz chuoi (0,,),> chudn tién véi phuiong sai 3(6) vé
9 R :

d
Ja@, -0~ 1, (0.%).
n—oo
Gia sit g = R? — RF ¢6 vi phan Vg lién tuc (k < d). Khi do,

VA (8(6,) ~ §6) —s A (0.T),

voi T == Vg(0)*sVg(0). NéuS kha nghich, Vg rank k thiT khd nghich,

JATV2 (506, ~ 8(0) —s A (0.10),

_ (d)
nT ! (g(6,) — 8(0)” —— i}
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Thong ké
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4 Thong ké

4.1 Mo hinh

Trén khong gian do dudc E C R ta quan sat cic mau Xj, ..., X, 4 p Vi tap tham s6 O ta xay dung
bo dd do xac suit (Py)yce d€ mo phong P .

Dinh nghia 4.1 (well specified). Néu ton tai 6 € © dé Py = P thi ta n6i mo hinh hgp 1é.

Dinh nghia 4.2 (identifiable parameter). Néu tu tap ©, anh xa 8 — Py la don anh thi ta néi 6 (hoic
Pp) la c6 thé xac dinh.

Dinh nghia 4.3 (parametric model). Néu © C R? thi md hinh dudc néi c6 s6 bién hiiu han.

4.2 Udc lugng

Thong ké ludng (statistic) 6 1a bat ci ham s nao c6 thé do dudc (measurable function) trén tap dii
liéu doi tudng X;.

Danh gia (estimator) 6, d6i v4i muc tiéu thong ké 0 1a mot thong ké khac khong phu thudce vao 6.

Panh gia dugc goi la nhat quan (consistent) néu noé hoi tu vé muc tiéu (BN 3.2).

Dinh nghia 4.4 (Pivotal statistic). Mot phan phoi hay mét uée lugng dude goi la pivotal néu né
khong phu thudc vao phan phdi chua biét va gia tri cu thé cua di liéu.
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4.3 Sai so

Dinh nghia 4.5 (D0 1éch, bias). gilia danh gia 6, v6i muc tiéu 0 la
biasg(6,) := E [6,] — 6.

Néu d6 léch bang 0 ta ndi danh gia khong léch (unbiased).

Dinh nghia 4.6 (Sai s6 bac 2, quadratic risk, mean squared error). gitia danh gia 6, v4i muc tiéu 0 la
MSE(6,) = E [(6, — 0)?] = biasg(6,)* + V (6,)

bao ham ca dd léch va d6 nhiéu cta danh gia.

4.4 Khoang tin cay

V6i mod hinh thong ké (E, (Pg)gee) xay dung dua trén quan sat X, ..., X, gia sti s6 a € (0, 1). Khoang
tin cay (confidence interval) cap 1—a d8i v6i 0 1a mot khoang ngau nhién .7 (phu thudc vao X, ..., X,
khong phu thudc vao ), ma xac suat 7 c6 chiia 6 la du cao:

Po[F350]>1—a, VOcO.

Néu
lim Py[F 20]>1—a, VO€O

n—oo

thi ta goi .# la khoang tin cdy tiém cén cap 1 — o doi véi 6.

4.5 Dinh ly co ban
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Dinh nghia 4.7 (Empirical cdf). Véi X, ..., X, i x , UGc ludgng phan phdoi tich liy (DN 1.2) cia X 1a
ham tang don diéu va lién tuc bén phai

n

Bt R= 01RO = Y X <1
i=1

tic la ty 1é s6 bién X; < t.
Néu xép X; < ... < X, < X;,41 = o tti nhé dén 16n thi ta co

F(t) = Lforte [ X, X 1) Vi=1,..,n
n

Ap dung LLN lén bién 1{X < t} ta c6 F,(t) —— F(t)Vt € R.
n—oo

Dinh ly 4.1 (Glivenko-Cantelli, Fundamental Theorem of Statistics). F, hoi tu dong déu (converge
uniformly) lén F.

sup |F,(t) — F(t)| 2.
teR n—00

Noi cach khacvé > 0,¥e > 0 : AN :

n>N = P (sup |E,(t) — F(t)| < 5) >1-—e
teR

Dinh ly 4.2 (Donsker’s theorem). Néu cdf F that la lién tuc thi

(d)
Jnsup |F,(t) — F(t)] —— Z ~ sup |B(x),
teR n—0o0 0<x<1

vdi Z la phan phoi cua dinh gia tri tuyét doi cia Brownian bridge, va la phan phoi pivotal(DN 4.4).
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5 Udc lugng

Chién lugc udc lugng phan phoi thdt (true distribution)

« Dinh nghia khoang cach gilia cac phan phoi (TV distance)
« Uéc lugng khoang cach néu trén (KL divergence)
« Tim diém cuc tiéu cta ubc lugng néu trén (minimization).

V6i mo hinh théng ké (E, (Pg)pee) xay dung dua trén quan sat iid rv X, ..., X, trén tdp mau E va bd
tham s6 © . Ngam dinh ton tai tham s6 that 0 € © dé X; ~ Py- .

5.1 Tong bién dong

5.1.1 Khoang cach

Pinh nghia 5.1. tong bién dong (total variation distance) gitia hai d6 do xac suat Py va P, la

TV(Py,P,) = Po(A) —P,(A) |.
(Pg, Py) = max| Pp(A) — Py(A) |

DPinh ly 5.1 (Cong thiic tinh). Néu tap mau E la roi rac (discrete: countable or finite), xac sudt Py, P,
c6 ham khoi lan Lugt la py, p, thi

TV(Po,Pp) = 2 3 | o) = py) |

x€E

Néu tap mau E la lién tuc (continuous), xac sudt Py, P, c6 mat do lan lugt la fp, Jp thi

Vo) = | |0~ ) dx
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5.2 Phan ky KL

5.2.1 Phan ky KL

Dinh nghia 5.2. (KL divergence) Ky hiéu f la mat dé hodc ham khoi xac suat:

Jo(x)

KL(Pg, P,) = Eg |In e

= Eg [In fy(x)] — Eg[In f,(x)] .

5.2.2 Dac diém

Proposition 5.1. Phan ky KL théa man 2/4 ddac diém cua “khodng cach™

1. KL(Py, Py) >0
2. KL(Py,P)) =0 < Py =P,

5.3 Hop ly cuc dai

Dinh nghia 5.3 (Likelihood). Do hop ly ctia tham s6 6 1a
Ly (x1, ., %,;0) := Po(X] = x1,..., X, = x3).

Dinh nghia 5.4 (Log likelihood).
8,(x1, .0, %) == In Ly(xy, ..., x,; 0).

Dinh nghia 5.5 (Maximum Likelihood Estimator, MLE). Diém hgp ly cuc dai la

én := argmax L,(xq, ..., x,; 0)
0

= argmax Kn(xl, e s X 0).
0
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5.3.1 MLE hoi tu

Dinh nghia 5.6 (Fisher information). Gia sti v4i n = 1 quan sat X c6 €(0) := InL;(X;60),0 € R. Gia
st £(0) c6 dao ham bac hai. Dudi mot s6 diéu kién chuan, thong tin Fisher cia mo hinh la

o—v(%)-¢[3)]-[3]

%t
(Hn H}k)
Hyy - Hyk

fe k 3y . .
Vé6io = (91,...,6k)€IR ,datH,J _W :
Dinh ly 5.2 (MLE hoi tu). Goi 6* € © la tham so that can tim. Gid sit

I(0) = -E

Cac tham so la identifiable (DN 4.2)

Support cua Py khong phu thudc vao 6 véi moi 0 € ©
0* khong nam trén bién gidi cia ©

Thong tin Fisher kha nghich lan can 0*

Mot so dieu kién ky thudt khac

DR N N

Khi d6, chudi 0MLE théa man:

Pys

OMLE _~_, o*
n—oo
~ d) w.r.tPp«
Jni(6%) (BMLE — ¢7) D wirtbe, H(0,1).
n—oo

Trucng hgp mo hinh da bién, 0 € RF :

n (érjleE — 0*)® 1(67) (é,],MLE — 9*) —>(d) mrtber )(,f.

n—oo

7/ d b N « A A~ X . . / ..d . b . A 1 A
Chii y la diéu kién s6 2 dé bi vi pham, vi du X; = Unif[0,0] ma lai can tim tham s6 6.
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5.4 Mix model

Dinh nghia 5.7. Cho cac md hinh géc X(k>, k=1,...,K, 14y bién tiém &n Z trén {1,..., K} lam trong
s0, ta c6 md hinh hén hop

K
k=

=1

5.4.1 Giai thuat EM

Pinh nghia 5.8. (Estimation Maximization) cé thé tim dudc tham s6 6 cia md hinh hon hop PN 5.7.
Gia st ta quan sat dudce X; = xq, ..., X;, = x;,. Goi cac trong sd tiém an tuong Ging 14 Z; = zy, ..., Z, = z,.

Sau khi khéi tao 6 = 0, ngau nhién, ta lip lai 2 budc E, M nhu sau dé cip nhat 6,k = 1,2, ... cho dén
khi hoi tu.

« Estimate: U6c ludng Z; = w; := E[Z|X; = x,,0 = 6_1],i=1,...,n.
« Maximize: Thay Z; b8i w; vao cong thic likelihood d€ t6i uu MLE 6 = 6

5.5 M-estimation

Dinh nghia 5.9 (M-estimatior). Dé udc lugng thudc tinh p* cia X ~ P, ta tim mot “ham ton that”
p(X, p) ¢6 ky vong cuc tiéu tai g~ :

Q(p) = E[p(X, p],

p* = argmin Q(p).
U

, id ,
Quan sat X, ..., X, IL PP, ta uéc ludng

Q) = Qu(p) = % > (X, ).
i=1
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Khi d6 p* = f1 v6i “M-estimator” fi 1a

j = argmin @, (p).
J7;

Vi du 5.1. Véi p(x,0) = —In py(x) ta c6 MLE d€ ubc luong tham s6 0* ctia md hinh P.

Vidus.2. Véix, pue R, dung p(x, y) = |x — p|? ta uéc ludng dudc mean u* = E [x].

Vi du 5.3. C6 thé dung M-estimation dé udc lugng median va quantiles.

5.6 Method of moments

Dinh nghia 5.10 (Method of moments estimator). D€ udc lugng 6 € © C R?

1. Tl quan sat X, ..., X, tinh tich suat mau (PN 1.18) 1y, ..., iy
2. V6i m; la tich suat bac i (DN 1.16), tim 6 € R? :

my(0) = iy,
my(0) = my,
my() = .

5.7 Bién doi tham sé

Véi mo hinh théng ké (E, (Pg)geo), gia st MLE, method of moments hoic M-estimation uéc lugng
dudc duy nhat mot gia tri tham sé t6i vu 1a 0* € ©. Ap dung bién ddi tham s6 n = ¢(0) (DL 1.2) 1én
cac md hinh d6 sé dan t6i nghiém t8i uu n* théa man n* = ¢(0%).
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6 Kiém dinh

Hypothesis testing

« Dinh nghia gia thuyét khong va gia thuyét doi.
Thiét ké ki€ém dinh théng ké

Phan loai 16i Loai 1 va Loai 2

Tinh ham cong suit cua kiém dinh

Dinh miic d6i véi kiém dinh

Tinh toan va giai thich gia tri p

6.1 Gia thuyét

V6i md hinh théng ké (E, (Pg)geo) , st dung bd mau dii lidu iid Xj, ..., X, ta xem xét hai gia thuyét
vé tham s6 6 nhu sau:

Ho: 96@0
H1: 96@1

v6i Op, O la phan manh (khéng giao nhau) cta ©, Q, la “thudng thic” (status quo), con 0; la “phat
hién” (discovery) méi. Ta goi H, la gia thuyét khong, con H; 1a gia thuyét dai (thay thé).

6.1.1 Kiém dinh

Ta sé kiém dinh H, d6i v6i H; bang cach chon va st dung mot dinh lugng théng ké (X, ..., X,,) €
{0, 1}.

¥ = 0 : chap nhan H, ¥ =1 : pht nhan H,
0 €0, Kiém dinh dung Ldi loai 1
0 € ©, Ldi loai 2 Kiém dinh dung

C

Co thé viét = 1{Ry} v6i su kién Ry, la viing pht nhan, con Ry, 1a viing chdp nhan .

34



Ta thiét ké kiém dinh sao cho ham cong suat sau diy c6 gia tri nho khif € O, valénkhif € ©; :

Py(0) =Pp(y = 1) = Py(Ry) € [0,1]

Dinh nghia 6.1 (Test statistic). Vung pht nhan thudng c6 dang

Ry =1X : TOO 2 ¢}
Y = H{T(X) > c}

v6i T 1a lugng kiém dinh thong ké con c la gia tri bién.

6.1.2 Mic do 10i
Kiém dinh ¢ 1a 8 mtc (significance level) @ € (0, 1) néu c6 xac suat 15i loai 1 khong vudt qua «a :

sup f(0) < .
0€O,

Chudi kiém dinh (,),=1 2. dudc goi la tiém cin vé mic « néu

lim sup B (0) < a.

=% e,

Phuong thlic Neyman-Pearson chon mdt mtic «, ddm bao xac suat 16i loai 1 khong vudt qua « roi tdi
thiéu hoa xac suat 16i loai 2. Néi cach khac 1a gifi cho cong suit py(6) dt nho khi ¢/ € O, roi t6i dai
hoa cong suat khi ¢ € ©;.

6.1.3 p-value

Tu quan sat Xj, ..., X, ta tinh gia tri méc « (tiém cin) nho nhat tai d6 kiém dinh ¢ pht nhan H,, goi
no6 la p-value (tiém cén) cua 1. Néu p-value cang nho thi ta cang tu tin pht nhan H,,.

-value := inf 0
pvalue =~ inf . Fy©)
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p-value  chiing ct phu nhan H

<0.1%  vO cung manh
0.1%—1% rat manh
1%—5%  manh
5%—10% yéu

> 10% khong cé

6.1.4 Khoang tin cay

Thong thudng ta c6 thé xay dung dudc kiém dinh ti khoang tin ciy. Vi du, kiém dinh tham sé 0,
Hy : 6 = 6,,d6i H; : 0 # §,. Gia st ta c6 khoang tin cay ¥ § mic 1 — «, tiic la

]PQ(IBQ)ZI—(Z.

Khi d6, ¥ = 1{0, ¢ 7} 1a kiém dinh mtc «

By(6p) = Pg, (6 ¢ I) < a.

6.2 Kiém dinh tham s6
6.2.1 Wald Test
0 = GMLE hoi tu vé tham s6 that 0 € RY (DL 5.2):

~ A (d)
W = \nI(0) (0 - 0) —— Z ~ #(0,1).
n—oo

Gia thuyét Kiém dinh Wald asymp. p-value
Hy : 0=100,H; : 0+06 Yo = W[ > qu/2} P(|Z| > (W)
Hy : 0<6y,H, :0>86, Uy = W > q,} P(Z > wWobs)
Hy : 0>6y,H, :0<86, Uy = HW < —q,} P(Z < Wobs)

Céc kiem dinh Wald trén c6 miic tiém cén la a, tic la Py (,) —— a. Cac p-value dudc tinh tii wobs
n—oo

la mét quan sat doi véi W.
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6.2.2 Dinh ly Cochran

Dinh ly 6.1. Gid st X3, ..., X, iid /V(,u, 02) co phuong sai mau khong léch (DN 1.22) la S,%. Khi do
5_5 B X1
o2 n—1

va X, S2 doc lap véi nhau.

6.2.3 Student’s t-test

Gia st X, ..., X, id N (,u, 0'2) theo phan phoi chuin (DN 2.7), y, o chua biét, va can kiém dinh p. Theo
DL 6.1, ) .

Xo—p _ \n(Xy —p)/o .

JS2/n - NNYCE -

tuan theo phan phéi Student’s T. Ta c6 thé xay dung cac kiém dinh Student c6 miic a, tiic la Py (/) =
a.

T :=

Gia thuyét Kiém dinh Student p-value
t_
Hy @ p=po, Hy 2 p# o Vo = T > g5} P, (12| > IT°%))
t
Hy : p < pio, Hy = > pig Vo = UT > g’} P, (Z>T°)
Hy : p> pio, Hy = i < pig Yo = T < —q3~'} P, (Z <T)

Trong bang trén, p-value dudc tinh tit T 1a mot quan sat d6i voi T.

6.2.4 Two-sample t-test

vo jid jid - . x < w 0 )
Gia st X, ..., X, o /V(,ux, cr,%) , Y1, Y, g ./V(yy, a)%) , VOL [iy, O, 1y, Oy, chua biét, va can kiém dinh

Hx — Hy- Dat

n n =
5 Zizl Xi S Zi:1(Xi - Xn)2
Xn = , Oy = ,
n n—1
= 2:11 Yl ) Z:ZI(YI - Ym)z
Ym = , O'y P .
m m-—1
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Ta c6 Student’s T (DN 2.11) v6i do tu do N tuédn theo cong thiic Welch-Satterthwaite:
(%= T = (= 1ty)

Jo/n+ak/m
(02 /n+ o3 /m)?

" 64/(r2(n - ) + 63/ (mP(m — 1))
> min(n, m)

IN,

Dat t-statistic

X, —Y,
Tom = ————.
\/O'J%/n + oa%/m
Gia thuyét Kiém dinh 2 mau p-value
t
Hy  pie = oy Hy ¢ e # py Yo = W[T| > qolgv/z} ]PtN(|Z| > |T0bs|)
t
Hy ¢ pe < gy Hy g > Vo = 1T > qa'} P, (Z > T)
Hy @ pe >y Hy o e <y Y, = YT < —qJ'} P, (Z < T°)

6.2.5 Ty le hgp ly

Likelihood ratio test
Véi dit liéu Xy, ..., X, 9 Py, dé kiém dinh Hy : 6 € ©, H, : 0 ¢ Oy, dinh lugng ty 1 hap 1y 1a

T,:=2In L"(?) = 2(2,(0) — £,(6,)) = 0
Ln(eo)

véi L(0) la hdp ly cuc dai tong quat, con L(éo) la hop 1y cuc dai khi Hy dung.

Dinh 1y 6.2 (Dinh Iy Wilks). Gid sii0 = (6y,...,0,,,) € © C RT",

O ={0 €0 : (61 rbyer) = (601 . 650}

Vi <0§9r)1, r(o)) € R la c6 dinh. Néu Hy ding va cac diéu kién hoi tu cua MLE (PL 5.2) dugc théa
man thi:
@

T, —— 2.
n—oo
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6.2.6 Kiém dinh nhiéu lan

Goi s6 lan thuc hién va quan sat két qua kiém dinh 1a ¢, miic d6 16i loai 1 cho phép 1a . Néu H, la
dung thi 15i loai 1 sé& xudt hién khoang at lan, s6 lan nay sé cang 16n néu t cang 16n.

Goi ty 1é p-value khong vudt qua ngudng « la F(a) := P(p-value < a). Ta c6 F(a) < a v4i moi loai
ki€ém dinh. Hon niia, F(«) = « v6i kiém dinh Student’s T.

6.3 Kiem dinh mé hinh

6.3.1 Kiém dinh y*

Pinh 1y 6.3 (Kiém dinh y?). Cho mé hinh phan loai
({(11, saK}a{]Pp}peAK) ,

V6i Ny = {p eRK : YR p= 1} Dt Np = Y1 1{X; = a}. C6 dinh p° € Mg, kiém dinh Hy : p = p°
vs Hy : p# p°. Néu Hy la ding thi

Dinh 1y 6.4 (Kiém dinh y? cho hé phan phéi). Xem xét hé phan phéi ri racPg c6 pmf fy vdi0 € © c RY.
Vdi dit lidu X, ..., X, goi MLE ctia 0 la 0, vdc lugng p; := fé(ai), i=1,..,K.KiémdinhH, : 0 € © vs
H; : 0 ¢ ©. Néu H, la dung thi

2
K (= _
nz( pl) (d)

—>0

2
XK—d—1-

i=1 Di

T,, khong phdi pivotal.

Hé qua 6.1 (Kiém dinh y? cho phén phéi lién tuc). Péi véi phan phdi lién tuc, ta cé thé phan hoach

tap gia tri bién thanh cac khodng (quantile) dé chuyén thanh phan phéi rdi rac roi ap dung kiém dinh
2

X°.
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6.3.2 Kiém dinh KS

Dinh nghia 6.2 (Kiém dinh Kolmogorov-Smirnov). Goi F), 1a cdf thuc nghiém (DN 4.7), F la cdf that
(DN 1.2) cua Xj, ..., X, 4 X. Cho cdf lién tuc FY, kiém dinh gia thuyét Hy : F = FOvs. H; : F # F°.
Dinh lugng kiém dinh
T,, := sup Jn|F,(t) — F°(t)|
teR

la pivotal.

d
Theo dinh ly Donsker (DL 4.2), néu H, la dung thi T, —(—)——> Z, v6i Z la phan b cua dinh tuyét doi

n—oo

cta Brownian bridge.
Vi céc cdf déu tang don diéu, cdf thuc nghiém cé dang bic thang, ta c6 thé xép X; < ... < X, tii nho
dén 16n dé tinh T, dé dang hon.

i—1
— — F(X)
n

5

T,, = Jn max {max{

i=1,....,n

i
- — F(X)
n

6.3.3 Kiém dinh KL

Dinh nghia 6.3 (Kolmogorov-Lilliefors test). Trong tién dé ciia DN 6.2, néu bo diéu kién F, c6 dinh,
thay vao d6 1a kiém chting phan phéi P thudc hé phan phéi chudn {# (p, 0%) . Goi MLE la 1, 62, dinh
lugng kiém dinh

Ty = supn [Fu(t) = @ 52(0)|
te

la pivotal.
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7 Bayesian

7.1 Phudng phap

Dinh nghia 7.1 (Bayesian method). Véi dii liéu X, ..., X, ta u6c lugng tham s6 6 cho mé hinh xac
suat qua cac budc:

1. Gan xac suét tién nghiém (prior) 7(6) cho tham s6 6 € ©.
2. Chon xac suat f(X|0) phu thudc vao 0, goi MLE (DN 5.5) 1a L,
3. Tinh xac suit hau nghiém (posterior) theo Bayes DL 1.3:

7(0|Xy,..., X)) «< L(Xq,..., X,|0)n(0), 0 ¢€0O.

7.2 Loai prior

Dinh nghia 7.2 (Conjugate prior). Néu xac suat tién nghiém va xac suat hau nghiém thudc cung
mot hé xac suat, ta ndi xac suét tién nghiém la lién hgp do6i v6i mo hinh.

Vi du 7.1. Beta la xac suét tién nghiém lién hgp doi v6i mo hinh Bernoulli Ber, nhi thiic Binom va
hinh hoc Geom.

Dinh nghia 7.3 (Non informative prior). Néu ta khéng c6 thong tin tién nghiém gi vé tham s6
0 € © = [a,b] thi c6 thé dung phan phoi dong déu Unif|a, b] lam x4c suat tién nghiém.
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Dinh nghia 7.4 (Improper prior). Néu ham 7 : ® — [0, +0) la do dudc (measurable) nhung khong
kha tich toan phan trén © thi ta noéi z la improper prior.

7.3 Jeffreys prior

Dinh nghia 7.5 (Jeffreys prior). V6i mé hinh théng ké dua trén tham s6 6 cho X c6 thong tin Fisher

(DN 5.6) 1a I(0) thi Jeffreys prior
77(6) o< \/det I1(0),

la non informative.

Vi du 7.2.

« Thi nghiém Ber(p), p € (0,1) ¢

my(p) o 1« Beta (l l)

Jp( = p) 22

- Thi nghiéem (g, 02) ,(i,0%) € Rx R, ¢6 my(p, 0?) & 073 1a improper prior.

Dinh 1y 7.1 (Jeffreys prior la invariant khi d6i tham s6). Néu doi tham s6 6 — n = ¢(0) (PL 1.2) thi

mat d¢ ctia tham s6 mdin la
N ) -
i) = 22— o [det Ty
¢ (¢~ (m)
v6i I(n) la thong tin Fisher ctia mé hinh dua trén tham s6 n thay vi 0.

Remark. Phan phdi tich lay
F;(1) = F (¢~ (1))-
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7.4 Bayesian estimation

Dinh nghia 7.6 (Posterior mean). Tu tién nghiém 7(6), sau khi tinh hiu nghiém 7(0X1, ..., X,) ta
udc lugng 6 bang trung binh:

o0 .= J 0n(6|1Xy, ..., X,)do.
(C)

Dinh nghia 7.7 (MAP, maximum a posteriori). Chon cuc dai

GMAP . argmax (0| X, ..., X,).

0c®

Dinh ly 7.2 (Asymptotic properties of the Bayes estimator). Thong thudng, tinh hoi tu vé chudn
(DN 3.4) ctia Bayes estimator khong phu thugc vao chon lya xac sudt tién nghiém.

Remark. Tinh phudng sai cia hoi tu tudng tu nhu MLE (DL 5.2).
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Phan Il

Hoi quy
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8 Hoi quy

Ho6i quy la phudng phap tim quan hé gitia nhap liéu va két qua:

« X:nhap liéu (input, features, explanatory variables, covariates, independent variables)
« Y: két qua (output, response, explained variable, dependent variable)

Gia sti cap bién (X,Y) ~ Pxy c6 mat do xac suat f(x,y), mat do xac suat bién f(x) va mat do xac
suat c6 diéu kién f(y|x).

Dinh nghia 8.1 (Regression function). Ham hoéi quy la ky vong vé Y khi biét X :

deﬂzEWM=ﬂ=Jﬁ@M®-

Dinh nghia 8.2 (Conditional quantile). Cho « € [0, 1], phan vi g, cho Y khi biét X = x :
9o ()
x + ¢,(x) such that J fGx)dy =1-a.

—00

Dat a = 1/2 ta c6 conditional median.

8.1 Hoi quy tuyén tinh

Dinh nghia 8.3 (Theoretical linear regression). Dudng hoi quy tuyén tinh 4p Y lén X 1la y = r(x) =
Bo + P1x v6i hé s (intercept va slope) la

(Po, 1) = argmin E [(Y —a- bX)Z] .
(a,b)eR?
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DPinh nghia 8.4 (Noise). Nhiéu € := Y — (f, + f; X).

Dinh ly 8.1. Gid stV (X) > 0, ta co:

po=E[Y] - {E[X],
L V(X,Y)
ﬁr—RH?T,

Ele] =0,V(X,e) =0.

8.1.1 LSE

binh nghia 8.5 (Least squares estimator, LSE). Quan sat (X;,Y;)i=1, . » id P(x y)- LSE la diém cuc tiéu

cta tong binh phudng do léch (residual sums of squares):

n
(a, l;) := argmin Z e,
(Po-B1)ER? i=1

€ = (Yi_ﬁOXi_ﬁl) i=1,...,n

Remark. Lay dao ham tling phan va giai hé phudng trinh ta co

L XV-XY
XZ- X2
b=Y-aX.

8.2 Hoi quy da bién

Dinh nghia 8.6 (Multivariate regression). Quan sat (X;,Y;),i = 1,...,n.

« X, € R?: nhép liéu (input, features, explanatory variables, covariates, independent variables)
« Y; € R: két qua (output, response, explained variable, dependent variable)
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Gia st toa do dau tién cua cac X; déu la 1. Tim tham s6 f € R? cho mo hinh
Yy = X% B+ e,

Ta c6 n samples, p covariates:

Y;:Xlixﬁ+el-,i:1,...,n,

trong do6 {};—1_, 1a nhiéu.

8.2.1 LSE da bién

Dinh nghia 8.7 (Least squares estimator, LSE in matrix form). Dat

X1
X = c ]Rnxp,

e

€ = (¢4, ...,en)& e R,

v\ [Xi
Y:=|:|=|: |f+te=XB+e
Y, X3

Goi X la design matrix. Ta c6

LSE B := argmin|Y — XB|2.
PeR?

Dinh ly 8.2 (Score equation).
(xEx)p = X%y

NéuX full rank thi ,B = (X¥x)1x®y.

Remark. it P == X(XEX)"IX¥ ta c6 ¥ := XB = PY = P?Y 1a xa anh cua Y lén khong gian tuyén
tinh dung trén cac cot cua X.
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Remark. Gia dinh X 1a hang s8. Khi d6 tinh ngau nhién ctia Y tuan theo tinh ngau nhién ctia €. Dé
suy luan thong ké ta thudng gia dinh thém X la full rank; €, ... ¢, 1a homoscedastic (iid).

Vi du 8.1 (Homoscedastic gaussian). Gia dinh X la hang s0, full rank, €, ... €, iid N (O, 02) . Khi d6
LSE trung v6i MLE.
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